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Spillover Stabilization of Large Space Structures
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This paper considers the stabilization of the neglected dynamics of the higher modes of vibration in the context
of the linear-quadratic-Gaussian controller design. The approach consists of designing observers by directly
optimizing a combined cost of spillover margin and standard quadratic performance. Two formulations are
proposed. The first optimizes the noise statistics used in the design of the Kalman-Bucy reduced state estimator,
and the second optimizes directly the observer gain matrix. A singular value stability robustness test is used to
identify the potentially unstable modes. The proposed method can start from an unstable controller and stabilize
it through numerical optimization.

Introduction

A CTIVE control of large flexible space structures is typi-
cally implemented to control only a few desired modes of

vibration. Higher modes, referred to as residual modes, are
generally ignored in the design and may be excited by the
controller to cause a net destabilizing effect of the system. This
is referred to as the spillover phenomenon.1

The most straightforward way of alleviating spillover is to
increase the passive damping of the residual modes. The same
effect can be achieved by supplementing the modal control
with direct velocity feedback with collocated sensors and actu-
ators.2 Alternative techniques have also been suggested.

Balas3 proposed that a feedthrbugh component be added to
the control that restitutes th£ original stability margin to a
selected number of residual modes. Sesak and Coradetti4 and
Sesak et al.5 proposed the model error sensitivity suppression
(MESS) method, which desensitizes the control system to a
given set of neglected modes. Gupta6 introduced frequency-de-
pendent weighting matrices, which increase the penalty for the
high-frequency components of the control, reflecting the fact
that input in the frequency range where the model is poor is
undesirable. Preumont7 suggested nonlinear modifications to
the control in the vicinity of the equilibrium, which makes the
composite system (regulator, observer, and residual modes)
benefit from the inherent stability properties of the open-loop
system.

Low-order controllers insuring the stability of the full-order
system have been investigated by Kwakernaak and Sivan8 and
applied to flutter control by Mukhopadhyay et al.9 and New-
som and Mukhopadhyay. l ( ) This method can be used to control
a limited set of modes while keeping the others barely stable.
Ridgely and Banda,11 Doyle and Stein,12 and Kissel and Hegg13

suggested that spillover stability could be achieved by the loop-
transfer recovery (LTR) technique by designing a regulator
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that satisfies a robustness test and making the controller "re-
cover" the loop-transfer matrix of the regulator, assuming
that the noise enters the plant at the input. This technique was
applied in Ref. 14 to the design of attitude control and vibra-
tion suppression in large space structures. Balas et al.15 sug-
gested the use of residual-mode filters for the same purpose.

A comprehensive evaluation of the various methods is out of
the scope of this paper. The present paper considers the design
of controllers with improved spillover stability margins. It is
based on the following premises.

1) The structural dynamicist will be able to predict more
vibration modes than would be practical to include in the
full-order linear-quadratic Gaussian (LQG) control design
model, and their knowledge can be used in the design process.
(Note, however, that the important task of selection of the
reduced model is not addressed in this paper.)

2) The noise statistics involved in the Kalman-Bucy filter
(KBF) design can, at least to some extent, be used as free
parameters to achieve appropriate observer properties. This
point of view is also taken in MESS and LTR.

Based on these premises, an optimization problem can be
formulated in which the elements of the plant noise intensity
matrix are used as design variables to minimize a composite
performance index with contributions from both performance
and spillover. An alternative formulation, in which the ob-
server gains are used as design variables, is also presented.

Spillover and Residual Modes Selection
Spillover Phenomenon

In what follows, the modal amplitudes and reduced modal
velocities are used as state variables, and the subscripts c and
r refer to the controlled and residual modes, respectively. With
classical control notation, the equations of motion of the com-
plete structure are:

AY = Acxc + Bcu +

xr = A,.xr + B,u

y = C< A> + Crxr + v

(1)

(2)

(3)

where w\ and vv2 are the plant and measurement noise, with
intensi ty matrices W\ and W2, respectively. It is assumed that
there is perfect knowledge of the dynamics of the nc controlled
modes. The residual modes are not included in the design of
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the controller. [This is why no noise term need be considered
i nEq . (2).]

The controller consists of two parts. The first is an observer
used to estimate the state of the system that, in general, is not
fully known. The estimated state xc is obtained by integrating

x = Acxc + Bcu + Kc(y - Ccxc) [*,(0) = Ol (4)

where Kc is the observer gain matrix.
The second part of the controller is a regulator with control

law u — —• Gcxc.
In the LQG controller design, the regulator and observer

gain matrices Gc and Kc are determined to minimize the
quadratic performance index

(5)

where <2>0 is related to the required performance of the
output and R >0 is related to the control cost. It is well known8

that Gc and Kc can be determined independently by solving two
Riccati equations, one for the regulator (LQR) and one for the
observer (KBF).

The effect of the residual modes can be analyzed by consid-
ering the composite system where the state vector also includes
the estimation error ec=xc—xc and the residual modes, i.e.,
(x*e*xJ')T. The corresponding governing equation for this
system becomes

AC-BCGC -BCGC 0
0 AC-KCCC KcCr

-B,GC -BrGc Ar

(6)

This equation is the starting point for analyzing spillover
(Fig. 1). The key terms in spillover are -BrGc and KcCr. They
arise from the sensor output being contaminated by the resid-
ual modes via the term Crxr (observation spillover) and the
feedback control exciting the residual modes via the term B,u
(control spillover).

From Eq. (6), it can be seen that if either C, = 0 or Br - 0, the
eigenvalues of the system are decoupled and are those of the
regulator (Ac —BCGC), the observer (Ac —KCCC), and the resid-
ual modes (A,). They are typically located in the complex
plane as indicated in Fig. 2. The poles of the regulator (con-
trolled modes) have a substantial stability margin, and the
observer poles are located on their left side. On the contrary,
the poles corresponding to the residual modes are stable but
close to the imaginary axis; the small stability margin is pro-
vided by the natural damping.

When both C, 5*0 and B,. ?*0, i.e., both observation and
control spillover are present, the eigenvalues of the system
shift away from Ac — BCGC, AC—KCCC, and Ar. The magni-
tude of this shift depends on —B,GC and KcCr. Since the poles
of Ar have a small stability margin due to the low structural
damping, even a slight shift from this position can bring these
poles into the right-half side of the complex plane and, thus,
make the system unstable. This phenomenon is called spillover
instability.

Not all of the residual modes are potentially critical from the
point of view of spillover, but only those that are observable,
controllable, and close to the bandwidth of the controller.
How these modes can be identified is discussed in the next
section.

Marginal vs Robust Residual Modes
Stability robustness tests11 '12 may provide some insight as to

which residual modes are potentially critical for spillover.
These tests try to quantify the effect of modeling errors on
stability and are especially useful for the analysis of the effect
of the truncated dynamics.

Doyle and Stein12 developed robustness tests where the mod-
eling errors were represented by multiplicative unstructured

uncertainties. A multiplicative unstructured uncertainty at the
plant output LO'co), (Fig. 3), is represented by

(7)

where G and G are, respectively, the actual and model transfer
matrices of the plant.

If f,,,(w) is an upper bound on the maximum singular value
of the multiplicative uncertainty at the plant output,

a|L(7 'w)j<f / w(w) (8)

the stability robustness of the control system is guaranteed if
the maximum singular value of the loop-transfer matrix satis-
fies the inequality

(9)

(10)

In the frequency range where f,,;(o;)>l, which is typically in
the frequency range where the model has been truncated, in-
equality (9) can be reduced to

(11)

where K(ju>) is the compensator transfer matrix:

Flexible System
Actuators Dynamics Sensors

Fig. 1 Spillover mechanism.

Stability margin
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Fig. 2 Location of the closed-loop poles in the complex plane (only
upper half is shown).

Controller Plant Multiplicative
Uncertainty

Fig. 3 Unity feedback configuration with multiplicative uncertainty
at the plant output.
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Similar tests exist if the uncertainty is assumed at the input.1 1-1 2

Since an accurate structural model is assumed to be avail-
able, an obvious way to evaluate the multiplicative uncertainty
due to the truncated dynamics is (assuming a square G matrix)

where

G(ja>)=

<5(JU) =

(12)

03)

available model

However, due to the large size of the structural model, there
are numerical problems associated with the calculation of Eq.
(14). In fact, for vibrating structures with classical damping, it
is easier to evaluate the additive uncertainty, which can be
readily written as the sum of its modal contributions in the
form

A G = £ /
/ - 111+ 1

(15)

(16)

where the first sum extends over all the modes included in
the control model and the second one over all the available
modes excluded from the model. In these relationships,
hj(u)= [fjLj[(wj — co2) + 2y'£/co/co]]~1 is the transfer function for
the mode /, and 4>/(s) and <£/(#) are the vectors of modal
amplitudes at the sensor and actuator locations, respectively.
A slightly different form applies when there are rate sensors.

Using singular value inequalities, the following upper bound
f,,,(o>) is readily obtained:

(17)

where a stands for the minimum singular value.
The robustness criteria are sufficient but not necessary con-

ditions for stability since the tests do not take into account the
structure of the uncertainty, e.g., phase angles. They are based
on a worst case, which is not necessarily allowed by the struc-
ture of the system, and tend to be, in our experience, quite
pessimistic. As a result, if the robustness tests are violated, it
does not mean that the system is going to be unstable but
rather that it may become unstable. A typical robustness plot
is shown in Fig. 4. It refers to the beam example, which will be
discussed later in the paper. The uncertainty curve, and partic-
ularly the negative peaks, depend on the damping ratio of the
neglected modes. Because of the relatively slow decay rate of
d\G(jw)K(jw)] outside the bandwidth of the controller and
the low damping ratio, the robustness test cannot, in general,
be satisfied by the uncontrolled modes directly outside the
bandwidth of the controller unless there is a gap in the natural
frequencies of the structure. The marginal modes that are in
that transition region (residuals) are candidates for destabiliza-
tion and must be considered in the spillover analysis. Only the
controlled and the marginal residual modes will have to be
considered in the remainder of this study; the latter will be
called residual modes. The uncontrolled modes that satisfy the
robustness test with an appropriate margin will be called ro-
bust modes and will be ignored in what follows.

Observer Design for Spillover Stabilization
Kffecl of Noise Statistics

The noise environment is defined by the noise intensity ma-
trices W\ and W2. For a given (W\,W 2 ) , the optimum observer
for the reduced model is the KBF. Often we do not know W\
and W2 accurately and, even if we do, it may be advantageous
to use different noise matrices in the design of the observer.

Examples of that are given by MESS5 and LTR.11 In the for-
mer, the measurement noise intensity matrix used in the KBF
design is taken of the special form

= CrCj (18)

to generate an observer that is blind, to some extent, to the
residual modes. In the latter, the plant noise is assumed to
enter at the input:

y{=g2BcB? (19)

It has been shown that for minimum phase systems, when
g2-* oo, the loop-transfer matrix approaches that of the regula-
tor, with the associated guaranteed stability margins. (This,
however, brings no improvement—on the contrary—to the
slow decay rate of o[GK] at high frequency, which is the basic
reason for the robustness failure in the present study; see Fig.
4.)

Let KI and V2 be, respectively, the plant noise and measure-
ment noise intensity matrices used in the design of the KBF.
When KI and V2 are different from W\ and W2, the resulting
KBF is no longer optimum with respect to the given noise
environment. However, typically the performance index [Eq.
(5)] is not overly sensitive to the choice of (Kj ,K 2 ) for a wide
range of values, i.e., the optimum is rather flat. In addition, it
has been demonstrated16 that the choice of (K,, K2) can have a
strong influence on the stability margin of the residual modes.
Therefore, it is reasonable to select V\ and V2 so as to suppress
spillover instability as long as the performance of the KBF is
not overly compromised.

The performance index of the stochastic linear quadratic
regulator (LQR) in Eq. (5) can be evaluated from the solution
of an n xn Riccati equation. When the LQR is implemented
on the reconstructed state from an observer, there is an addi-
tional penalty resulting from the imperfect knowledge of the
state. The new value of the performance index / can be evalu-
ated by solving a 2/7 xIn Lyapunov equation.

In the following, the observer performance is measured by
the ratio

performance ~ (20)
'LQR

where J and J\ QR are evaluated with the actual noise statistics
(W\,W2), and not those taken in the design of the KBF
( y\t ^2), so that /^performance represents the performance deterio-
ration for the actual noise statistics. It is minimum for

Controlled modes Uncontrolled modes

CO

Hg. 4 Robustness plot for the beam example; the uncertainty curve
corresponds to modes 4-8, £ = 0.001.
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Optimization of Noise Intensity Matrices
The observer is obtained as the KBF whose plant noise inten-

sity matrix V\ is the solution of the following optimization
problem.

Find V\ and a stability margin 6 to minimize

F = (6-/) + + ^performance (21)

subject to the constraints on the residual modes eigenvalues A,

Re(X/)<6 (22)

The parameter ju is used to weight the objectives of spillover
stability and performance, and / is the minimum desired stabil-
ity margin. The parameter 6 is the stability margin for the
residual modes chosen by the optimization procedure, and its
final value is the actual stability margin (Fig. 2). The notation
( )+ stands for (a) + = max(#,0). The spillover part does not
contribute to the objective function if the real parts of all the
poles are smaller than / . In that case, the design is based on
performance only.

In the preceding procedure, the measurement noise intensity
matrix V2 can be taken either according to MESS,4'5 so as to
minimize the observation spillover, or set equal to W2^ the
actual noise.

Note that if t is selected in such a way that t > 6, the spillover
part (6 — / ) + vanishes and we optimize performance only. For
that case, if V2- W2, the optimum solution corresponds to the
optimum observer, which minimizes / in Eq. (20). This is the
KBF corresponding to (W\^W-^\ therefore, our V\ will con-
verge to W\. The same conclusion holds for extremely large IJL
causing the performance term to be dominant in Eq. (21), and
the spillover term to be negligible.

To reduce the number of design variables, V\ was assumed
to be either diagonal, V\ = diag(v-2), or an outer product ma-
trix of rank one, V\ =aaT. This reduces the number of design
variables in the optimization to n + 1. For the examples that we
investigated, it was observed in Ref. 16 that these special forms
of V\ produced virtually the same improvements in spillover
alleviation as the full V\ (the optimum full V\ turned out to be
very close to a matrix of rank one). Special forms assuming
that the plant noise enters at the input have also been tried, but
have not been found very effective in this study.

Direct Design of Observer Gain Matrix
In the foregoing formulation, the observer gain matrix is

obtained as a KBF with noise intensity matrices V\ and K2. It
requires the solution of a nonlinear matrix Riccati equation
within the optimization process, which may become difficult if
the dimension of the system becomes large. An alternative
formulation for the observer design, which does not require
multiple solutions of the Riccati equation, is to take the ele-
ments of the observer gain matrix Kc as design variables in-
stead of the elements of V\.

The KBF corresponding to the actual noise statistics
( W\,W2), is taken as a starting point. If all the residual modes
(those identified as failing the robustness test) satisfy the con-
dition

Re(X/)<f (23)

an optimum solution has been found. If condition (23) is not
satisfied, the observer gain matrix Kc is obtained as the solu-
tion of the following optimization problem.

Find Kc and a stability margin 6 to minimize

F = (<5-/)2, + M/

subject to the constraints

Re(X/)<6

(24)

(25)

The only difference with respect to the preceding problem is a
change of design variables. The resulting observer will no
longer be a KBF [unless condition (23) is satisfied] and will not
enjoy its properties. '

The benefit of the foregoing formulation is that the solution
of the Riccati equation is not required anymore within the
optimization process. The evaluation of the objective function
requires only the solution of the linear matrix Lyapunov equa-
tion. The number of design variables is now nm + 1, where m
is the number of outputs of the system.

Again, a stable solution cannot be guaranteed, but the opti-
mal value of <5, if positive, gives approximately the minimum
amount of passive damping that is necessary to achieve stabil-
ity. (This is approximate because passive damping would in-
troduce additional coupling of controlled and residual modes
not included in the analysis.) If it is judged too large, the value
of IJL may be reduced in the objective function, to put less
emphasis on performance and more on spillover.

The NEWSUMT-A program17 was used for optimization
where the derivatives of the constraints and the objective func-
tion were calculated by finite differences. The L-A-S pro-
gram18 was used for control calculations.

Examples
Beam

The beam example used by Balas1 to demonstrate spillover is
used to demonstrate the proposed method. The simply sup-
ported beam is controlled by one actuator located at the 1/6
position and a displacement sensor located at the 5/6 position.
The first three modes are controlled by the same LQR as in
Ref. 1 (R =0.2, Q selected so that xTQx represents system
energy), and the foregoing procedure is used to design a KBF
that stabilizes the neglected dynamics. The robustness plot
requires the assumption of some structural damping. We as-
sumed $ = 0.001 for the robustness plots. However no damp-
ing was assumed for the spillover calculations. Figure 4 shows
the robustness plot for a typical design, with the uncertainty
curve drawn using the first eight modes. It can be seen that the
fourth mode fails the robustness test and must be considered
explicitly. The robustness of modes 5 and above can be con-
cluded from this curve and, thus, are not considered further,
except for a check with the final design. Note also that the sixth
mode is neither controllable nor observable and has no nega-
tive peak associated with it in the l/f / M curve.

The actual noise statistics were assumed to be W\-l and
W2 = 0.02. For the optimization, t was taken to equal —0.100
s ~ " l , and V2 was taken as equal to W2, the actual measurement
noise. A tracing method was used for each of the designs, i.e.,
the optimum V\ (or Kc) for one value of jit was used as the
initial solution for the next value of /x. Without tracing, the
optimum was found to depend appreciably on the initial condi-
tions (local optimum).

The results for the observer design based on optimizing the
matrices V\ and Kc are given in Fig. 5 as a function of the
weighting parameter /*. As expected, as IJL decreases in value,
the performance index J increases in magnitude. This indicates
a deterioration in performance. At the same time, the system
stability margin increases since the optimizer places more em-
phasis on a stable system at the cost of performance.

The design y}=aar is more effective than K1 = diag(v/
2)

even though both have six design variables. The case V\ -aar

ful ly populates the V\ matrix, and for a given 6, produces
designs that give J that are appreciably lower than those of the
l/i = diag( v,2) design. The V\-aar design also gives much
slower observers than the V\ =diag(vf) design. These differ-
ences are most obvious when /* is small.

The A'( designs are comparable in performance (6 vs 7) to
those of the V\ = aci'1 designs. The resulting observer speeds are
also comparable. The 6 vs J curve obtained by optimizing Kc
should be to the left of the V\ -ad1 curve because any design
obtained by optimi/ing V\ can also be obtained by optimizing
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Fig. 6 Evolution of the closed-loop poles as functions of p; /* = oo
corresponds to the stochastic optimum (only upper half is shown).
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Fig. 5 Stability margin 5 vs performance index J for various designs
(beam example).

Kc. This holds for only part of the curve. The differences
between the curves amount to less than \% in the objective
function, and NEWSUMT-A is not that sensitive. The
V\ =aar case picks up most of the stability margin with low
performance deterioration. The only advantage of the Kc for-
mulation, in this case, is that it does not require the solution
of the nonlinear matrix Riccati equation. However, this is not
important for this low-order problem.

Also, although not apparent from Fig. 5, the KBF design
noise matrices correspond to the actual noise matrices for
extremely large values of ju, i.e., a heavy penalty is placed on
performance in the optimization process. Figure 6 shows the
evolution of the closed-loop poles with the weighting parame-
ter /LI for the case Kj = diag(v/2) (the residual modes are not
shown).

The robustness plots (Fig. 4) were drawn for all the opti-
mized designs relative to various values of/x. It was found that,
typically, low values of ^ (low emphasis on performance) pro-
duced higher magnitudes in the high-frequency range of the
o(GK) curve. This demonstrates a tradeoff between spillover
stabilization and performance degradation/stability robust-
ness considerations. Nevertheless, for all the designs, the only
violation of the robustness test involved the fourth mode,
which was known to be stable.

Grid
As a multiple-input/multiple-output example, the two ob-

server design procedures were also applied to a grid structure
(Fig. 7) which is representative of a large space structure.19

This structure is part of a research facility at Virginia Polytech-
nic Inst i tute and State University. Its finite element model is
described in Refs. 20 and 21. The natural frequencies of the
first 20 modes are listed in Table 1. One notices a substantial
frequency gap between modes 9 and 10. The control system
assumed in th is study (although different from the one used in

-BALL BEARING
SUPPORT

STEEL TOP BEAM
ASSEMBLY
(TWO 2.5 « 0.5 BEAMS)

HORIZONTAL V^ZT;
BEAM (2.0"0.125J-7

ECCENTRIC A
WEIGHT—' H

SKEWED BEAM
(1.5 «0.125)

24-

Fig.
and

1 Grid structure (all dimensions in inches); collocated actuators
displacement sensors are assumed at nodes 1, 4, and 11.

the experimental facility) uses three collocated actuators and
displacement sensors at locations 1, 4, and 11 and controls the
first nine modes. Modes 10-20 act as residual modes and are
used to evaluate the uncertainty. Both sets of modes are con-
trollable and observable. The system input and output ma-
trices can be found in Ref. 22, as well as the details of the LQR
design (Q was selected to represent system energy, R designed
using the MESS procedure). The actual noise environment was
selected as W\ and W2 set to the unit matrices of the appropri-
ate order.

Figure 8 shows the robustness plot for the design based on
the actual noise statistics. The assumed damping is £ = 0.005
for all modes. It can be seen that modes 10 and 11 violate the
test, but modes 12 and above are robust. Consequently, only
modes 10 and 11 have to be included as residuals in the KBF
design procedure.

Another interesting observation from Fig. 8 is that the test
is violated right wi th in the bandwidth of the controller. This,
of course, does not indicate a potential instability but is simply
the consequence of the existence of transmission zeros of the
open-loop system G very close to the imaginary axis. This
results in the min imum singular value a[G(jo))] becoming
close to y.cro in Eiq. (17). This behavior is typical of systems
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Table 1 Grid structure example
natural frequencies

Controlled, rad/s

Residual, rad/s

Robust, rad/s

wi
102
0)3
0)4
0)5
0)6
0)7
W8
O)9

0)10
0)11

0)12
u)l3
0)14
O)]S
0)16
0)17
0)18
0)19
0)20

3.668
5.591
8.627

20.604
22.576
31.147
34.462
35.522
38.919
50.244
52.771

59.018
61.616
73.100
83.397

129.160
155.384
169.387
181.304
193.193

50-

dB

-50-

-100-

5 [GKU

Anti resonance

Critical

10-1 10°

(0

Fig. 8 Robustness plot for the grid structure (output uncertainty);
the uncertainty curve corresponds to nodes 10-20; £ = 0.005.

with collocated actuators and sensors. These "antiresonance"
frequencies can be readily identified since they are identical
to the natural frequencies of a modified structure in which
the translational degree of freedom at locations 1, 4, and 11 is
blocked.

Because of the large order of the system involved, the com-
puter costs required a reduction in the number of design vari-
ables. For the diagonal case, V\ was selected to be of the form
(this is purely ad hoc)

I/, = ; ) (26)

Table 2

Weight
Observer

poles

Residual
poles

(10th and
l l th )

J/JOPJ

Optimi/ation results for V\ = diag(v?),

/*= 1000
-3.955
-22.296

-10.979±73.18
-1.826 ±75. 20
-9. 141 ±7 17. 35
-3. 163 ±y 22.52
-7.821 ±y'28.90
-0.740 ±7 34.46
-0.469 ±j 35. 54
-8. 181 ±y38. 17

-0.031 ±7 50.28
-0.025 ±7 52.80

1.0004

H= 100
-0.930

-155.873
-1.719

-121.571
-3.530±75.15

-12.629±7 17.26
-3.194±721.74
-5. 576 ±7 28.99
-0.859 ±7 34.48
-0.488 ±7 35. 54
-11. 497 ±7 34.91

-0.072 ±7 50.28
-0.062 ±7 52.81

1 .0093

grid structure3

/*= 10
-0.819

-259.587
-1.501

-209.333
-3. 804 ±7 5.49

-17.031
-38.878

-4.158±721.39
-6.255 ±727.96
-0.854±734.50
-0.467 ±735. 53
-12.002 ±7 32.32

-0.090 ±7 50.29
-0.081 ±7 52.81

1.0210
:'System eigenvalues in 1/s.

Similarly, for the direct design of the observer gain matrix,
Kc was constrained to the following form

-0.978
-0.084

1.109
0.551
0.352
0.921

-0.437
0.437
0.476

ak ck

dk

" -0.618"
1.119

-0.494
0.867
0.780

-0.533
-0.801

0.756
0.457

-0.183
0.410

-0.237
0.748
0.104

-0.491
0.497
0.658
0.861

ek

fk

-0.773
-0.497

0.034
-0.572

1.115

-0.246
-0.714

0.246
0.717

-0.168"
0.242
0.374

-0.161
-0.107
-0.172

0.451
-0.280

0.313

(27)

keeping the number of design variables to seven. This number
proved to be effective for the previous example.

-0.049
0.518
0.573
0.180
-0.052
0.732
-0.455
-0.815
0.460

where, when ak = bk =ck = dk = ek =fk = 1, the statistical opti-
mum gain matrix is obtained.

For the optimization, / was taken to equal —0.100 s"1, and
V2 = i'\ U + v2CrC'!'] via MESS4-5 where v\ = 0.040 and *>2= 1.0.
Therefore, V^W^ in this problem formulation. A tracing
method was used for each of the designs, i.e., the optimum V\
(or Kc) for one value of ^ was used as the initial solution for
the next value of IJL.

The results for the observer design based on optimizing the
matrices V\ and Kc based on spillover and performance consid-
erations are given in Fig. 9 and Table 2 as a function of the
weighting parameter /*. Table 2 lists the observer poles, resid-
ual poles, and performance degradation. Note that the struc-
tura l damping is not included in the real part of the residual
pole since no damping is assumed in the controller design. As
expected, as IJL decreases in value, the performance index 7
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Fig. 9 Stability margin 5 vs performance index J for various designs
(grid structure).

increases in magnitude. At the same time, the system stability
margin increases since the optimizer places more emphasis on
a stable system at the cost of performance. It is shown that
substantial gains in the stability of the residual modes can be
obtained without a great loss of performance.

For initial conditions, V\ was set as /, and Kc was set at the
statistical optimum. For an extremely large /LI, i.e., a heavy
penalty is placed on performance in the optimization proce-
dure, the fact that the Kc design produced the statistical opti-
mum is not surprising. But for K1=diag(v?), even though
V2y* W2 (it was defined by MESS), NEWSUMT-A was still
able to produce an effective 6 and J that were comparable
to the statistical optimum. That is, 6=-0.0254 s"1 and
7 = 54606.0 Ib-s/in. for J/, = diag(v/) vs 6= -0.02564 s and
7 = 54582 Ib-s/in. for the stochastic optimum.

Finally, stability robustness tests were also applied for
£ = 0.005. The robustness tests were performed using the
knowledge of the first 20 modes of the grid in order to insure
that the optimum controllers do not have any problems with
the higher frequency modes, which were not taken into ac-
count in this analysis. All designs were found robust for modes
1.2 and above, with the classical observation that the closed-
loop high-frequency behavior deteriorates (i.e., gets closer to
the uncertainty curve) as the speed of the observer increases.

The computational cost for the three values of /* were 574
CPU minutes (IBM 3084) for the V\ optimization and 145 min
for the Kc optimization. This was mainly because the Kc opti-
mization did not require the solution of the nonlinear Riccati
equation.

Summary of the Proposed Design Procedure
for Spillover Stabilization

Based on the results presented, the following design proce-
dure is suggested.

1) Once the controlled modes have been selected, design an
LQR to achieve a reasonable compromise between perfor-
mance and control requirements, and a KBF with the best-
available noise statistics.

2) Apply a robustness test where the uncertainty curve in-
cludes as many uncontrolled modes as possible and corre-
sponds to a reasonable value of the structural damping.

3) Identify the uncontrolled modes that either fail the ro-
bustness test or have a small stability margin. These modes
(residual) are candidates for spillover destabilization. If there
are none, the design is completed.

4) Apply the foregoing optimization procedure to the de-
sign of an observer that stabilizes the modes identified in step
3 with respect to spillover.

5) Apply the robustness test to the new controller to check
that it is satisfied by all the robust modes of the original
controller, i.e., the robustness test is violated by at most the
residual modes identified in step 3 and no more. These modes
are guaranteed to be stable via the optimization process even
though they fail the (conservative) robustness test. If this con-
dition is met, the design is completed, if not, go back to step
4 with an augmented set of residual modes.

Conclusions
This paper considers the stabilization of the neglected dy-

namics of the higher modes of vibration. The influence of the
structure of the plant noise intensity matrix of the Kalman-
Bucy filter on the stability margin of the residual modes has
been demonstrated. Stability robustness tests have been used
to identify the potentially unstable uncontrolled modes. An
optimization procedure that uses information on the residual
modes to minimize spillover (i.e., maximize the stability mar-
gin) of known residual modes was presented. This procedure
selects the optimum plant noise intensity matrix to maximize
the stability margins of the residual modes without excessive
performance degradation. An alternative procedure that di-
rectly optimizes the observer gain matrix was also discussed.
The proposed methods were demonstrated for both single-in-
put/single-output and multiple-input/multiple-output sys-
tems. It was found that only a small number of design vari-
ables was necessary in the optimization procedure to achieve
large improvements in spillover stability.

In contrast to some other optimization schemes, the present
method does not rely on obtaining a stable initial solution but
can start with an unstable controller. There is no guarantee,
however, that a stable solution can be achieved.
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